The diffusion equation with non-zero initial condition is solved using the Boundary Element Method in the frequency domain. Complex frequencies are used in order to avoid aliasing phenomena and to allow the computation of the steady state response. One numerical example is given to illustrate the effectiveness of the proposed approach to solve diffusion equations in two dimensions.
Introduction
Analytical solutions are only known for solving simple problems, while the Boundary Element Method (BEM) can be implemented to deal with general problems. The BEM is an alternative to the Finite Element Method (FEM) and the Finite Difference Method (FDM) for solving physical problems, such as that of heat diffusion (Brebbia et al. [1] , Pina and Fernandez [2] , Godinho et al. [3] )
Most of the BEM implementations to solve transient heat transfer problems are based on either "time marching schemes" (Chang et al. [4] , Shaw [5] , Wrobel and Brebbia [6] , Carini et al. [7] , Lesnic et al. [8] ) or Laplace transforms (Sutradhar et al. [9] , Sutradhar and Paulino [10] , Chen et al. [11] ). The Laplace transform technique removes the time dependent derivative using a transform variable. However, this process requires then an inverse transform to achieve the solution in the time domain that may lead to loss of accuracy and amplification of small truncation errors.
To improve the efficiency of the BEM and its applicability to more general problems different numerical schemes have been proposed such as the Dual Reciprocity Boundary Method (DRBEM) (see Nardini and Brebbia [12] and Satravaha and Zhu ([13] , [14] )) and the coupling of the FEM and the BEM (Guven and Madenci [15] ).
The present work solves the problem of heat conduction in the frequency domain after the application of Fourier transform in the time domain. Initial conditions are assumed and dealt with source density distribution (Mansur et al. ([16] , [17] ). To avoid the aliasing phenomena and the calculation of the static response, complex frequencies are used. Their effect is removed in the time domain by rescaling the response.
This paper describes first the BEM formulation used and how the time solutions are obtained. The proposed approach is then used to solve the case of heat conduction in a finite rectangle with a unit initial temperature and maintaining null temperatures along the boundary, for which analytical solutions are known.
BEM formulation
The transient heat transfer by conduction in a homogeneous domain Ω , bounded by a surface C can be modelled by 2 2
in which t is time, ( , , ) T t x y is temperature, K k c ρ = is the thermal diffusivity, k is the thermal conductivity, ρ is the density and c is the specific heat.
To solve this equation, we move from the time domain to the frequency domain by applying a Fourier transformation in the time domain to eqn. (1) . Performing the integration by parts, one obtains
T is the initial tempearure at 0 t = and ω is the frequency.
The boundary integral equation can be constructed by applying the reciprocity theorem, leading to The required Green's functions for temperature and heat flux in Cartesian coordinates are given by
in which (3) is solved by discretizing the boundary C into N straight boundary elements, with one nodal point in the middle of each element. The integrations along the elements are evaluated using a Gaussian quadrature scheme, when they are not performed along the loaded element. For the loaded element, the existing singular integrands of the Green's functions are calculated in closed form. Ω , is defined, whose centre coincides with the position of the virtual load and with a radius whose length is equal to half of the boundary size, as shown in Figure 1 . In this domain, the integration is performed analytically following the expression ( ) ( )
while for the other sub-domains the integrations are evaluated using a Gaussian quadrature scheme. either to severe loss of numerical precision, or to underflows and overflows in the evaluation of the exponential windows (see Kausel and Roësset [18] ). The response needs to be computed from 0.0Hz to very high frequencies. An intrinsic characteristic of this problem is that the heat responses decay very rapidly as the frequency increases, which allows us to limit the upper frequency where the solution is required. The static response can be computed when the frequency is zero, since the use of complex frequencies leads to arguments of the Hankel function other than zero ( i 
where ), computed using the formulation proposed in the present work. This Figure also illustrates the amplitude differences between the numerical and the analytical solutions (eqn. 8). The major errors can be found at the beginning of the heat propagation phenomenon.
In order to illustrate the time evolution of the heat propagation, Figure Notice that, at 0.0s t = , the numerical solutions do not coincide with the exact time values, because ( , , )
T t x y obtained from a Fourier transform is discontinuous at this instant. Figure 4 shows (8) 
Conclusions
This paper has illustrated how the heat diffusion time history due to initial temperature conditions can be obtained in the frequency domain by means of a direct BEM formulation. Analytical solutions have been used for verification purposes, to confirm the formulation's accuracy in the frequency domain, transforming the initial conditions into equivalent source density distribution. Good results were obtained for a finite rectangle with unit initial conditions subjected to null temperatures at the boundaries.
